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ABSTRACT
The accuracy requirements on atomic data for the calculation of stellar evolution with atomic di†u-

sion are determined. In particular, the density of frequency grids needed for precise radiative acceleration
calculations via the sampling method are presented. In order to minimize the number of frequency(grad)points needed for precise calculations, frequency grids that are more reÐned in the regions of thegradspectrum where the radiative Ñux is large are suggested. The following number of frequency points are

needed for opacity table calculations to be used in stellar evolutionary codes including di†usion : 50,000
points for 4.20¹ log T ¹ 4.5, 30,000 points for 4.5\ log T ¹ 4.8, 10,000 points for 4.8\ log T ¹ 5.5,
and 4000 points for log T [ 5.5. These opacity tables would render possible the study atomic di†usion
in the exterior regions of certain chemically peculiar stars such as Ap or HgMn stars. In the sampling
method, correction factors can be applied after the basic integrations over sampled spectra to include
such e†ects as ion velocity averaging, redistribution of momentum among ions, and electron recoil
during photoionization ; these corrections are evaluated and illustrated for a few typical stellar models.
Silicon is used as an example to show that the corrections are important mainly for T \ 50,000 K. These
corrections are used in stellar evolution calculations based on OPAL monochromatic opacity tables.
Subject headings : acceleration of particles È di†usion È stars : chemically peculiar

1. INTRODUCTION

Particle transport appears to play an important role in a
large number of stars, from Bp stars to the Sun. In many
objects (Ap stars, Bp stars, horizontal branch stars, etc.)
momentum transfer to atoms via photoabsorption
(Michaud 1970) dominates competing hydrodynamical pro-
cesses in particle transport in stellar atmospheres and stellar
interiors. It is then imperative to obtain precise radiative
accelerations of the various elements in order to study the
e†ect of di†usion on the structure and evolution of stars.

The availability of large atomic data banks has made it
possible to introduce radiative accelerations self consistent-
ly with evolution (Richer et al. 1998). As the abundance of
chemical species varies locally, the Rosseland opacity can
be computed consistently with the local time-dependent
abundances. The radiative accelerations are calculated
simultaneously taking into account all changes in the back-
ground opacity. For that purpose all species contributing to
opacity at the line frequency must be included in the calcu-
lations ; ideally, the frequency of each line should be known
accurately. The radiative forces drive particle transport and
lead to large structural changes through the appearance of
iron peak convection zones in F and A stars (Turcotte,
Richer, & Michaud 1998a ; Richer et al. 2000 ; J. Richer, G.
Michaud, & O. Richard 2000, in preparation).

The calculations of Turcotte et al. (1998a) were limited to
relatively cool F stars partly because of limitations of the
OPAL (Rogers & Iglesias 1992a, 1992b ; Iglesias & Rogers
1995, 1996) data to calculate radiative accelerations. In par-
ticular, while the opacity sampling they use has sufficient
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resolution to calculate Rosseland opacities, it is not suffi-
cient to calculate radiative accelerations for less abundant
species in the outer stellar regions (Richer et al. 1998).
Richer, Michaud, & Turcotte (2000) conclude that while in
AmFm stars chemical separation probably occurs mainly
below the iron peak convection zone, there are stars where
the separation occurs in more superÐcial regions. For
instance the very large abundance anomalies observed in
HgMn stars can probably be explained only by separation
right up to the atmosphere. Even if HgMn stars have Fe
peak convection zones, these may not mix the whole region
above them completely in the absence of H and He convec-
tion zones. It is then important to determine what are the
accuracy requirements for calculations in such low tem-gradperature regions.

The aim of this paper is to determine the required fre-
quency resolution and then to Ðnd the minimum number of
mesh points in u (4hl/kT ) needed, as a function of tem-
perature, to obtain precise radiative accelerations to study
the e†ect of atomic di†usion on the evolution of stars of
various masses. The radiative acceleration shown here have
been obtained using the Opacity Project (hereafter OP)
data (Seaton 1987 ; Seaton et al. 1992) obtained via
TOPbase (Cunto et al. 1993), except for Fe I and Fe II,
where the Kurucz (1990, 1991) line data was used. We will
also compare the calculated here to those obtained bygradthe method described in Gonzalez et al. (1995b, hereafter
GLAM) and in Seaton (1997). The importance of ion
averaging, redistribution of momentum among ions, and
electron recoil during photoionization will also be evalu-
ated ; these e†ects are generally not included in the spectra
and must be added separately.

Note that although there will be frequent references in the
following to OPAL data and calculations based ongrad
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OPAL spectra, these data were not used in the calculations
done for this paper. The results of the present study should
be useful for the creation of the next generation of OPAL-
like monochromatic opacity tables.

2. RADIATIVE ACCELERATION CALCULATIONS

The radiative acceleration on an element A atgrad(A)
radius r in a star may be approximated (at large optical
depths) by
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and P(u) is the normalized Ñux distribution :
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quency point deÐned by u, and is the mass fraction of theX
Aelement under consideration. The value of depends ongradthe competition for photons between the element A and the

other elemental species present. Knowledge of the atomic
data of all of these elements is therefore needed to evaluate

for a given species.gradOpacity Project (Seaton 1987 ; Seaton et al. 1992) and
Kurucz (1990, 1991) data have been used to calculate the
radiative accelerations of various elements including CNO
(Gonzalez, Artru, & Michaud 1995a ; Seaton 1997), Al (Hui-
Bon-Hoa et al. 1996 ; Seaton 1997) and Fe (Alecian,
Michaud, & Tully 1993 ; LeBlanc & Michaud 1995 ; Seaton
1997, 1999). The various methods used in these studies to
obtain and the tabulation of Rosseland opacities as agradfunction of X, Y , and Z, do not permit taking into account
the e†ect of abundance changes on the structure of the
models nor of the abundance change of one species on the

of another. This requires taking into account metalgradabundance changes in more detail than the simple Z-
dependence allows.

In order to evaluate at a given temperature and pres-gradsure we can calculate an opacity spectrum for each element
on a certain frequency grid and then integrate equation (1).
This is commonly called the opacity sampling method. In
the method used by GLAM, where the contribution of each
transition is integrated semianalytically, the total opacity is
divided into two parts prior to each line proÐle integration :
the opacity of the transition under consideration, and the
rest of the spectrum, called the background opacity for that
line, which is then approximated by a simple constant (that
is, independent of u ; see GLAM and Richer et al. [1998] for
more details). GLAM calculated opacities in 4000 evenly
spaced intervals of width *u \ 0.005 for 0\ u ¹ 20. For
the background opacity the bound-bound cross-sections

where f is the oscillator strength of the transition)(ne2f/m
e
c,

were evenly distributed in the *u interval that contained the
natural frequency of the line. In previous calculationsgrad(Alecian et al. 1993 ; Borsenberger, Michaud, & Praderie
1979 ; Borsenberger, Praderie, & Michaud 1981) a simple
formula scaled with the Rosseland mean (Borsenberger et
al. 1979) was used for the background opacity. In stellar
evolution codes GLAM suggested the use of inter-gradpolation tables. But this method has the disadvantage that
during evolutionary model calculations the e†ect of the
simultaneous changes in the abundances of the various ele-

ments cannot be included in the radiative acceleration cal-
culations. However, the method developed by GLAM
allowed calculating Rosseland opacities during evolution,
and so the e†ect of abundance variations on stellar struc-
ture.

Alecian (1985) and Alecian & Artru (1990) developed a
method whereby due to bound-bound transitions isgradobtained via an approximate equation that is deÐned by
two parameters for each ion. This method has the advan-
tage that no frequency integration is needed and is therefore
very efficient numerically. However, as for tables, itgradcannot take into account the e†ects on of chemicalgradcomposition variations caused by the di†usion of the
various elements during evolution. Alecian (1994) also
developed an approximate equation for due to photo-gradionization, but this method is not valid for abundant ele-
ments such as CNO or Fe.

Richer et al. (1998) calculated using the opacity sam-gradpling method with OPAL spectra. These calculations were
done during stellar evolution simulations of F-type stars
(Turcotte et al. 1998a) and the Sun (Turcotte et al. 1998b)
that included atomic di†usion of 28 species. It was shown
that the frequency grid used in the OPAL spectra is too
coarse to obtain precise in outer stellar regions. At thesegradlower temperatures the atomic line widths are small, thus
more frequency points are needed to accurately sample
these lines. At higher temperatures the grid used by OPAL
was sufficient since the lines are broader.

Seaton (1997) also found that the use of a uniform grid
containing 104 points was not sufficient for precise cal-gradculations at low temperatures. In that study the of 15gradelements were calculated using the opacity sampling
method with an evenly spaced 105 point frequency grid in u
and interpolation tables were built. It is in that formgradthat SeatonÏs results will be compared to other calculations
in this paper.

The calculations presented here included the bound-
bound and bound-free transitions of elements H, He, C, N,
O, Ne, Mg, Si, S, Ar, and Fe given in the OP data base
(Seaton 1987 ; Seaton et al. 1992 ; Cunto et al. 1993), except
for Fe I and Fe II, where the Kurucz (1990, 1991) data was
used. Thompson scattering was also included in the opacity
spectrum calculations. The formalism of Hummer &
Mihalas (1988) was used to calculate atomic populations.

3. RESOLUTION REQUIREMENTS IN STELLAR MODELS

The resolution in frequency that is required to accurately
calculate radiative accelerations varies with temperature
and density within a star. T he requirements are much more
severe than for Rosseland mean opacity computations. In this
section, we describe the precision needed to properly calcu-
late the e†ects of di†usion in F, A, and B stars, taking the
likely mixing processes into account. The requirements are
progressively more severe (1) if a large number of lines are
involved, (2) when only a few lines contribute, and (3) when
the detailed overlap of individual lines must be taken into
account.

The appearance of Ñuctuations in the radiative acceler-
ations as seen in Figures 1 and 2 of Richer et al. (1998) poses
the problem of the limited frequency density of grids used in
opacity calculations. Random Ñuctuations are seen in most
chemical species at the lower temperatures (D20,000 K).
Even at that low T , the Ñuctuations of the radiative acceler-
ations of He, O, and Fe are perhaps acceptably small
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FIG. 1.ÈVariation of the average line widths of Mg transitions with
gf[ 1 (solid line) in a typical A star [see ° 4 for details concerning the
(T , points chosen]. The dotted curves represent the frequencyR

e
)

resolution (top to bottom) of the GLAM grid, the OPAL grid (an evenly
spaced grid in u containing 10,000 points), a nonuniform grid with 10,000
points (see ° 4 for details ; the resolution given here is the average width of
the intervals for 3 \ u \ 6), and an evenly spaced u grid with 100,000
points.

because either the large abundances imply broader lines (He
and O) or the large number of lines implies contributions of
a large number of frequency points (Fe). However, relatively
large Ñuctuations are seen at T as high as 200,000 K in
radiative acceleration of phosphorus, which has a small
abundance and turns out to be in a conÐguration with very
few spectral lines at that T . Consequently the OPAL data
may be used with conÐdence for all elements so long as
particle transport by atomic di†usion is important only at
temperatures higher than 200,000 K. It may be used at
lower temperatures so long as the results depend essentially
on the most abundant elements (He, O, Fe, etc.).

In evolutionary calculations without turbulence or mass
loss, for stars of mass less than 1.4 the combined H andM

_
,

He convection zone always extends inward to temperatures
higher than 200,000 K. The 10,000 point grid of OPAL is
then sufficient. It turns out that in more massive stars
without any mixing process, an iron peak convection zone
always develops at T D 200,000 K (Richer et al. 2000 ; J.
Richer, et al. 2000, in preparation) so that the current
OPAL grid is sufficient for the particle transport below that
temperature. However, particle transport is important at
lower temperatures before the iron peak convection zone
develops in those models and if mixing by convection, turb-
ulence, or some other process does not homogenize the
regions at T \ 200,000 K. Furthermore, in HgMn stars
very large overabundances of Hg (D100,000) are observed
along with isotopic anomalies. Such large anomalies cannot
develop below the iron convection zone since there is not
sufficient time for that in the total evolutionary life of the
star and, furthermore, there is probably not enough Hg in

the star to cause an overabundance by such a large factor
for the whole mass in and above the iron convection zone. It
will then be essential, in order to model HgMn stars, to
study in detail the separation at cooler temperatures and
probably in the atmosphere. If one is to study the isotope
separation it will be essential to know which blends
compete with the Hg lines for instance. It will then be neces-
sary to determine the line position precisely and to calculate
the lines with enough resolution. The atomic data deter-
mined using calculations cannot do that at the present time.
The level positions are not known accurately enough to
calculate blends of individual lines. Part of the HgMn star
problem cannot be modeled with the present data.
However, modeling HgMn stars sets an important goal for
the development of atomic data banks.

In the atmosphere, the di†usion approximation used for
the radiative Ñux in equation (1) is no longer valid. At these
small optical depths the radiative transfer equation must be
solved to obtain the Ñux precisely. Grids in u must then be
abandoned since the radiative transfer equation has to be
solved at given frequencies throughout the atmosphere.
LeBlanc & LeBlanc (1999) found that approximately
200,000 frequency points are needed in such applications.

In between the complete solution of the HgMn stars,
which requires detailed line overlap in the atmosphere, and
the calculation of abundance anomalies in AmFm stars,
which mainly requires separation at T [ 200,000 K, there
remains the problem of the formation of the iron peak con-
vection zone in AmFm and HgMn stars along with the
potential explanation of some anomalies of the HgMn stars,
in particular those involving the 28 species that are current-
ly calculated with the OPAL data. The appearance of the
iron peak convection zone depends on the di†usion of the
most important contributors to opacity. These problems
require the determination of radiative accelerations at tem-
peratures between 20,000 and 200,000 K.

To calculate taking blends of individual lines intogradaccount, it is required to have a frequency grid spacing not
larger than the Doppler width or the pressure width, which-
ever is larger. Figure 1 compares the average line widths of
Mg lines with gf[ 1 at a few (T , points typical of stellarR

e
)

interiors in cgs units, being the electron(R
e
4 N

e
/T 3, N

enumber density ; see next section for more details) to the
intervals of various frequency grids. Since one needs to
cover the interval 0\ u \ 20, approximately 200,000 fre-
quencies are required to evaluate accurately (whengradusing an evenly spaced grid in u) at T \ 104 K but less than
4000 frequencies at T \ 106 K. Consequently, since the
OPAL opacites are calculated at 104 frequencies, the ofgradRicher et al. (1998) are accurate for all chemical species at

but as T is reduced they progressively loselog T Z 5.5,
accuracy. The of less abundant elements with the smal-gradlest number of lines become inaccurate Ðrst. This result is
consistent with the preceding analysis of the by Richergradet al. (1998). The requirements may be relaxed for very
abundant elements as discussed above, but it is even more
stringent if one wishes to study isotope anomalies where the
detail of the interaction within each line is probably impor-
tant.

As mentioned previously, Seaton (1997) used a uniform
grid in u containing 105 points. Except for a few speciÐc
cases, for instance Ne at T \ 104 K, which has a relatively
weak we found that this grid is sufficiently Ðne tograd,obtain precise grad.
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FIG. 2.ÈPaths of an evolving 3 stellar model in the (T , plane,M
_

R
e
)

at three di†erent ages. Calculation points for this article are identiÐed by
Ðlled circles.

4. RADIATIVE FORCES BY OPACITY SAMPLING

To evaluate what gain in accuracy is achievable with a
given number of frequency points, we opted to investigate
grids that are more reÐned in the region where P(u) (i.e., the
radiative Ñux) is large (see Appendix A for details on how
these grids were generated). These nonuniform grids have
3.4 times the number of points in the range u \ 3È6 (where
P(u) attains its maximum value) as compared to a uniform
grid with the same total number of points ; it was veriÐed
that they do give more accurate radiative accelerations than
uniform grids with the same number of frequency points.2

Figure 2 shows paths in the (T , plane for the structureR
e
)

of a 3 star at di†erent evolutionary stages, as calculatedM
_by Richer et al. (2000). We chose eight points in the (T , R

e
)

plane ( Ðlled circles) representative of the structure of this
star ; they are : (T \ 25,000 K, (T \log R

e
\ 2.0),

50,000 K, (T \ 100,000 K,log R
e
\ 2.0), log R

e
\ 2.0),

(T \ 200,000 K, (T \ 500,000 K,log R
e
\ 2.0), log R

e
\

2.5), (T \ 1,000,000 K, (T \ 2,000,000 K,log R
e
\ 2.5),

and (T \ 5,000,000 K, Inlog R
e
\ 2.5), log R

e
\ 3.0).

Figure 1 a ninth point (T \ 10,000 K, waslog R
e
\ 2.0)

also included. The values of chosen here should some-R
ewhat overestimate the number of frequency points needed

for calculations since, for a given T , the line widthsgradincrease with R
e
.

In order to Ðnd nonuniform grids with the least number
of points, the following procedure was used. We calculated
the Ñux fraction F(A) absorbed by element A :

F(A)\
P
0

= i
u
(A)

i
u
(total)

P(u)du , (3)

2 There are exceptions, however : if at some temperature an element
absorbs mostly through a few narrow lines located at then theu Z 10,
nonuniform grid result may be worse, because it has lower resolution than
the corresponding uniform grid in that region. But in such a case, one
expects to be relatively weak and unimportant.grad

at each of the above (T , points. This was done for eachR
e
)

metal and for Ðve di†erent nonuniform grids with the same
number of points. For instance, all the frequency points
(except the Ðrst and last ones) of the nonuniform grid
obtained by the method described in Appendix A were
shifted by [0.01, [0.005, ]0.005, and ]0.01 (in units of
u). Five opacity spectra were then calculated and used to
obtain Ðve values for F(A) for the various elements. Using
several shifted grids for the same calculation allowed us to
quantify the consequences of (e†ectively) random misalign-
ment between narrow lines and grid points. It helped dis-
tinguishing good from accidentally good ones. Thesegradresults were then compared to those calculated with a
uniform grid with 106 points, for which the error on wasgradveriÐed to be less than 0.1%. The number of points of the
nonuniform grids was varied until the desired accuracy was
obtained.

Our aim is to obtain with an error not exceeding 0.1graddex for most elements, for abundances within a factor of 10
of the solar value. Since the number of frequency points
needed to obtain accurate increases with decreasinggradabundance of the element in question, our calculations were
performed using an abundance of 0.1 solar for the studied
element, while the abundances of the other elements of the
mixture were taken as solar. The solar abundances are
taken from Grevesse, Noels, & Sauval (1992) and Grevesse
& Noels (1993). Here is a summary of our results.

At T \ 25,000 K, the lowest temperature considered
here, all of the elements except Mg, Ne, and Ar have an
error of less than 0.1 dex down to an abundance of 0.1 solar
for a grid using 30,000 points (see Fig. 3). Many have errors
of less than 0.1 dex for abundances of ¹ 0.01 solar. When
using a grid containing 50,000 points only Ne has an error
of over 0.1 dex. At this temperature Ne is mostly in the
F-like state, which has a relatively weak (see top of Fig.grad3), and it would take a nonuniform grid with approximately
105 points to accurately sample the lines because they
occupy only a small fraction of the spectrum. The choice of
such a grid would greatly elongate evolutionary calcu-
lations and is not viable. But since the for a solar abun-graddance of Ne in a star with K is only a smallTeff \ 10,000
fraction of surface gravity in main sequence stars, a larger
relative error will not signiÐcantly a†ect the outcome of
di†usion calculations. We thus suggest that a nonuniform
grid with 50,000 points be used for this temperature.

At T \ 50,000 K all of the elements except Mg have an
error of less than 0.1 dex down to an abundance of 0.1 solar
for a grid with 30,000 points (no Ðgure is shown). At this
temperature Mg has a very weak because it is mostly ingradthe Ne-like ionization state. We thus suggest that a nonuni-
form grid with 30,000 points be used for this temperature.

At T \ 100,000 K all of the elements except Si have an
error of less than 0.1 dex down to an abundance of 0.1 solar
for a grid with 10,000 points (see Fig. 4). At this temperature

is very weak because Si is mostly in the Ne-likegrad(Si)
ionization state. We thus suggest that a nonuniform grid
with 10,000 points be used for this temperature. This con-
clusion is consistent with the results represented by the
third dotted curve (from the top) of Figure 1, which shows
that the resolution of this grid for 3 \ u \ 6 is of the same
order as the average line widths.

Similar analyses were done for higher temperatures, and
we concluded that nonuniform grids with the following
number of points would give an accuracy better than
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for various elements at low concentration (top) andFIG. 3.ÈF(A)/X
Athe relative error (bottom) on the fraction of the Ñux absorbed byF(A)SAMPthese elements when using nonuniform grids with 30,000 points (dashed

line) and 50,000 points (dotted line), as compared to the results obtained on
a uniform grid with 106 points Calculations were done at[F(A)EXACT].T \ 25,000 K and for a concentration of 0.1 solar for eachlog R

e
\ 2.0,

element considered in turn, all the others then having solar concentrations.

FIG. 4.ÈSame as Fig. 3 except that a 10,000 point nonuniform grid is
used for and the temperature is T \ 100,000 K.F(A)SAMP

D0.1 dex for calculations : 50,000 points forgrad4.20¹ log T ¹ 4.5, 30,000 points for 4.5\ log T ¹ 4.8,
10,000 points for 4.8 \ log T ¹ 5.5, and 4000 points for
log T [ 5.5. At the lines become very narrowlog T [ 4.20
and it takes a larger number of points to accurately sample
the opacity spectrum. The number of frequency points
needed at these low temperatures can be estimated from
Figure 1.

5. ROSSELAND MEAN OPACITIES

The Rosseland opacities were also obtained from the
opacity spectra calculated on the proposed nonuniform fre-
quency grids at the temperatures studied. These values were
within 1% of the Rosseland mean calculated with a uniform
grid with 106 points. Rosseland opacities obtained with
monochromatic opacities calculated on the proposed fre-
quency grids are then accurate enough to be used for stellar
structure and evolution studies.

6. GLAM VERSUS OPACITY SAMPLING

In this section we shall compare F(A) for several elements
using the opacity sampling method to the values obtained
using the GLAM method, at the GLAM resolution. In both
cases the same set of 11 elements was used to compose the
total spectra. No redistribution of momentum among ions
was included in either case and the di†usion coefficients of
all ionization states were assumed equal.

A second goal of this section is to compare these results
to those obtained using SeatonÏs (1997) interpolationgradtables.

As discussed in GLAM, the ionization state in which the
acquired momentum is spent, after a bound-bound absorp-
tion for instance, may di†er from the ionization state in
which the photon was absorbed. This a†ects the value of the
ion-averaged since the di†usion coefficient depends ongradthe charge of the ion in which the momentum is spent. Since
the sampling method is based on absorption spectra that
are not weighted according to ionic di†usion coefficients
(such weighting would have to be done on a line by line
basis), it is best to leave this e†ect out of the present com-
parison. Moreover, we also neglected the fact that during
photoionization a portion of the momentum can be trans-
ferred to the ejected electron. Richer, Michaud, & Massa-
crier (1997) showed that for Li the inclusion of the electron
recoil formulas of Massacrier & El-Murr (1996) had only a
small e†ect on of that element. Hui-Bon-Hoa et al.grad(1996) found similar results for Al using the H-like electron
recoil formulas of Massacrier (1996). Since in the GLAM
method a is calculated for each transition separately,grade†ects such as redistribution and electron recoil can be
included. In the sampling method these e†ects cannot be
included directly since in order to be numerically viable
only one opacity spectrum is handled for each element. Cor-
rection factors that include the physical processes men-
tioned above will be discussed in ° 7.

In the GLAM calculations only H, He, C, N, O, and Fe
were included ; these authors then felt it necessary to correct
the total monochromatic opacity used in equation (1) to
take into account the opacity of the missing elements. This
correction is not applied in the present calculations since
more metals are included. We use here line widths for the
hydrogenoid ions that include linear Stark broadening
(Gonzalez et al. 1998) ; these were not available to GLAM.
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Figure 5 shows for the elements C, Mg, Si,i
R
F(A)/X

Aand Fe, calculated using three di†erent methods : sampling,
GLAM, and using SeatonÏs (1997) interpolation tables. This
quantity is essentially independent of the stellar model used
(i.e., it is independent of r, and the radius of the star)Teff,and is directly proportional to Seaton (1997) alreadygrad.noticed a substantial di†erence between his results for Fe
and earlier results obtained by LeBlanc & Michaud (1995)
using the GLAM method. This is found again here. The
di†erences between the GLAM-method and sampling
results are not as large for the following reasons : (1) the
same mixture of 11 elements and the same atomic data were
used for both (Seaton [1997] also included the elements Na,
Al, Ca, Cr, Mn, and Ni), and (2) Ðne structure was not
included in either case. A large part of the di†erence
between SeatonÏs results and the results of the sampling
method can certainly be attributed to the inclusion of Ðne
structure by Seaton ; by splitting strong lines, Ðne structure
reduces line saturation and thus increases overall absorp-
tion. In addition other factors such as di†erent line widths
and small variations in the equation of state can also con-
tribute to the di†erence between the results of Seaton (1997)
and those presented here.

Two other factors are important for Fe. Seaton (1997)
used the Kurucz data for ions Fe I through Fe VI (Seaton,
2000, private communication), while we used the Kurucz
data for only the Ðrst two ionization states of Fe. Moreover,

FIG. 5.ÈModel independent factor (in cm2 g~1) for a solari
R
F(A)/X

Aabundance of the elements C, Mg, Si, and Fe using the sampling method
discussed here ( Ðlled circles), the GLAM method (open circles), and
SeatonÏs (1997) interpolation tables (triangles). In all these methods the
di†usion coefficients of all ions of an element were supposed equal and
electron recoil was neglected.

Seaton (1997) used the PLUS data (Lynas-Gray et al. 1995)
for ions Fe VIII through Fe XIII, while it was not available to
us. This, and his inclusion of Ðne structure, easily explains
his higher values below T \ 106 K.grad(Fe)

The obtained with the GLAM method are lower thangradthose given by the sampling method throughout most of the
stellar envelope. The reason is that for low temperatures
(i.e., for Mg this corresponds to see Fig. 1) thelog T [ 5.5 ;
line widths are narrower than frequency grid intervals. Thus
the valleys in the background opacity spectrum are artiÐ-
cially Ðlled because the line opacities are evenly distributed
in the frequency intervals. This has the e†ect of blocking the
Ñux more evenly as a function of frequency and it dimin-
ishes F(A). Inversely, at the high core temperatures the
GLAM method overestimates F(A) because the line widths
become wider than the GLAM frequency intervals and
valleys in the opacity spectrum are then artiÐcially created3
thus increasing the value of F(A) ; however this increase is
generally o†set by the fact that for obtainedlog T Z 6, i

Rby the sampling method are larger than those obtained
using the GLAM method.

Comparisons with radiative accelerations obtained using
OPAL data are shown in Figure 7 of Richer et al. (1998).

7. MOMENTUM REDISTRIBUTION

We have calculated correction factors (on the same
temperature-pressure grid used in GLAM), which are
simply the calculated by the GLAM method includinggradthe e†ect of the di†usion coefficients of the various ions (i.e.,
ion averaging ; see eq. [15] of GLAM), redistribution, and
electron recoil during photoionization, over the alsogradcalculated with the GLAM method but neglecting these
e†ects, for the elements presented here. Many of the deÐ-
ciencies of the GLAM-method calculations cancel out in
such ratios and the resulting correction factors are expected
to be accurate over a broader range than the GLAM-
method themselves. The correction factors can be usedgradto include these e†ects in calculations such as the sampling
method, that leave them out.

Two sets of correction factors were calculated. In the Ðrst
set, it was supposed that, for bound-bound transitions, if the
excited level had a quantum number n larger than that of
the fundamental level of the absorbing ion, the momentum
was then spent in the next ionization state, i.e., the ion
ionizes before having spent its acquired momentum; in the
following, we will refer to that form of correction as ““ n2[

redistribution ÏÏ for short. In the second set, if the excitedn1level had a quantum number larger than that of the funda-
mental level plus one, we assumed that the momentum was
transferred to the next ionization state ; this will be referred
to as redistribution ÏÏ. From these two calcu-““ n2[ n1] 1
lations, one can estimate the uncertainty associated with
our ignorance of what really happens, on average, after a
photon is absorbed ; to do better one should solve, for all
ionization states, the full set of rate equations for all internal
electronic transitions, including the various collision
induced ones. Such calculations would be extremely diffi-
cult, which is why the two rough estimates given here are

3 Recall that in the GLAM method, ““ background ÏÏ lines have no
wings ; they are forced into a rectangular shape one frequency interval
wide.
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useful : they show clearly in what temperature range such
calculation e†orts will have to be concentrated in the future,
and they show the order of magnitude of the corrections.
The true results are expected to lie somewhere in between or
near these two approximations (see GLAM for more
details).

For photoionization we supposed that the momentum
was spent in the newly acquired ionization state. The elec-
tron recoil formula used for all energy levels of the elements
considered is that of the fundamental state of hydrogen
(Sommerfeld 1939 ; see ° 6 of GLAM for more details).

Figure 6 shows in three di†erent zero age mainÈgrad(Si)
sequence stellar models ranging from K toTeff \ 8000
14,000 K. Three curves are shown in each case. Dotted
curves represent the given by Seaton (1997) using thegradsame di†usion coefficient for the various ions and neglect-
ing electron recoil. Dashed curves give the obtainedgradusing all correction factors just mentioned, with ““ n2[ n1redistribution ÏÏ. The solid curves show the results with

redistribution ÏÏ. The radiative accelerations““ n2[ n1] 1
are generally similar in all three models shown.

The di†usion coefficient correction is especially impor-
tant in the stellar atmosphere where neutral ions are abun-
dant. This is due to their high mobility compared to that of
their singly charged ionic state. Michaud et al. (1979) have
suggested, based on a detailed study of helium, that the

FIG. 6.ÈRadiative acceleration on a solar abundance of Si in di†erent
stellar models. The dotted curve isg given by Seaton (1997) using theradsame di†usion coefficient for the various ions and neglecting electron
recoil. The dashed curve results include the correction factors discussed
in ° 6, with redistribution ÏÏ ; the solid curves suppose““ n2[ n1 ““ n2[ n1redistribution ÏÏ ; both include electron recoil e†ects.] 1

ratio of the di†usion coefficient of a neutral ion to that of a
singly charged ion is of the order of 100. This makes gradparticularly sensitive to the details of the redistribution
mechanism. redistribution ÏÏ makes redistri-““ n2[ n1] 1
bution toward more ionized states less likely than with

redistribution ÏÏ and thus favors the very rapidly““ n2[ n1di†using neutral atoms ; the increased mean di†usion veloc-
ity corresponds to an increased mean radiative force, as can
be seen here. Since Si is less ionized in the cooler regions of
the K model the e†ect of ion mobility is strong-Teff \ 8000
er there than in the 12,000 and 14,000 K models.

At very high temperatures the that include di†usiongradcoefficients, redistribution, and electron recoil are smaller
because continuum absorption begins to dominate and the
momentum carried o† by the electron becomes important
(contributing negatively to at these temperatures). Thisgradconclusion may, however, depend on the approximate elec-
tron recoil formula used here.

These correction factors are available from the authors
and were used in stellar evolution codes that include atomic
di†usion (Richer et al. 1998 ; Turcotte et al. 1998a, 1998b).

The e†ect of the high mobility of the neutral ion and that
of redistribution on can then be important in the atmo-gradspheres of Ap and HgMn stars where it is believed that
radiative di†usion dominates other hydrodynamical pro-
cessus. In AmFm stars an iron convection zone (Richer et
al. 2000) seems to develop as a result of outward di†usion of
iron peak elements, in which case the elements could
separate much deeper in stars, near log T D 5.3. In that
case, all three calculations (see Fig. 6) are roughly equiva-
lent.

8. CONCLUSION

We suggest the following number of frequency points for
di†erent temperature ranges be used for opacity calcu-
lations on nonuniform grids, if they are to be applied
in evolutionary codes that include radiative di†usion :
50,000 points for 4.20¹ log T ¹ 4.5, 30,000 points for
4.5\ log T ¹ 4.8, 10,000 points for 4.8\ log T ¹ 5.5, and
4000 points for log T [ 5.5. These nonuniform frequency
grids can be obtained from the authors or calculated with
the method discussed in Appendix A. The existence of
monochromatic opacity tables calculated on these fre-
quency meshes would enable simultaneous calculations of
radiative forces and Rosseland opacities, and would make it
possible to study the e†ects of di†usion on the evolution of
hot stars (e.g., HgMn stars), where convection zones may be
thin and where a higher frequency resolution is needed to
properly integrate the radiative acceleration equation just
below the atmosphere. These opacity tables could also be
used in Ap stars, where the strong magnetic Ðelds might
inhibit convection.

For the number of frequency points neededlog T [ 4.2
to obtain precise can be approximated from Figure 1. Itgradshould be noted that at these low temperatures the di†usion
approximation for the Ñux is no longer valid and thus the
radiative transfer equation must be solved to obtain the Ñux
precisely. The problem becomes much more complex.

It was also shown that there can be di†erences in gradcalculations using opacity sampling and the GLAM
method used here that are inherent to the treatment of the
background opacity. The GLAM method has the advan-
tage of being able to incorporate redistribution and electron
recoil e†ects, while the opacity sampling method is prefer-
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able for use in stellar evolution codes that incorporate
atomic di†usion, since it can take into account the change
to caused by the di†usion of the other species. Thegradmonochromatic opacities used to calculate by the sam-gradpling method can also be used to obtain during evolu-i

Rtion.
Correction factors were calculated with the GLAM

method ; these may be used to include redistribution and
electron recoil when using OPAL spectra as in Turcotte et
al. (1998a, 1998b). It was shown that the inclusion of the
di†usion coefficients and redistribution in the determi-
nation of is imperative, for at least some elements, in thegrad

outer regions of stars. The momentum carried away by the
electron during photoionization might also be important
for certain elements deep in stars.
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APPENDIX A

NONUNIFORM FREQUENCY GRID GENERATION

Our aim is to generate a M-point u grid such that for most of the grid we shall have

P(u
i
)(u

i`1 [ u
i
) B 1/M , (A1)

where P(u) is given by equation (2). This grid will then have the property that all intervals will carry roughly the same weight
in integrations over the spectrum. We Ðrst deÐne an auxiliary function Q(u), which is the integral of P(u),

Q(u) 4
P
0

u
P(u@)du@ . (A2)

Roughly speaking, the desired nonuniform grid is simply obtained by solving numerically each equation,

Q(u
i
)\ i/M , i \ 1, 2, . . . , M , (A3)

for Of course, this cannot be the exact procedure since it would lead among other things, to an inÐnite (at least inu
i
. u

Mprinciple). One could replace i/M by i/(M ] 1) or generate M [ 1 points instead of M, but this would still not lead to a
satisfactory solution for another reason : we need to have grid points very close to the limits of our integration domain. The
reason for this is that the line generation routine we used during our tests considered only those lines with u1\ ucenter\ u

M
;

since the wings of some lines (in particular H and He lines) can cover a wide part of the spectrum even when the line center is
located at u > 1, has to be a tiny number. Because of the behavior of P(u) for u ] 0, equation (A3) always yields values foru1that are much too large (say, D0.1) even for M as high as 105. We also want the upper limit to be as nearly independentu1 u

Mof M, and as close to 20 as possible, for simplicity, clarity, and ease of comparison with other integration methods ; imposing
would solve this problem, but this may violate equation (A1) for the last interval.u

M
\ 20
A simple solution to this boundary problem comes up naturally from the numerical method used to solve equations (A2)

and (A3). So we now present the actual procedure used.
First we generate a N ] 1 point uniform grid with N ? M :u8

j
,

u8
j
\ umax

j
N

, j \ 0, 1, 2, . . . , N , (A4)

where we have selected for our work. Then we evaluate and pass the two series of numbers to aumax\ 20 p
j
4P(u8

j
) (u8

j
, p

j
)

cubic-spline Ðt routine that also performs an analytic integration of the resulting cubic-splines, yielding excellent approx-
imations to on the same uniform mesh (with identically). We then select the Ðrst interior points of the uniformq

j
Q(u8

j
) q0\ 0,

grid, and as our nonuniform grid boundaries ; more precisely, we select the corresponding Q values andu8 1 u8
N~1 q1as the limits for the linear ramp in equation (A3). The M-point nonuniform grid is then given by the solutions ofq

N~14 qmaxthe following equations :

Q(u
i
)\ q1(M [ i) ] qmax(i [ 1)

M [ 1
, i \ 1, 2, . . . , M . (A5)

These are solved very efficiently by doing M cubic-spline interpolations over the set of data points j \ 0, . . . , N (note(q
j
, u8

j
),

the pair reversal compared to the set used for spline integration). By including the limit points j \ 0 and j \ N in the data set,
we avoid numerical difficulties in computing and from the same formula ; these turn out to be always very close tou1 u

Mand respectively.u8 1D 1/N > 1, u8
N~1B [1 [ (1/N)]umax,The choice of the underlying uniform grid resolution is not very important, since its only use is to construct interpolation

splines and Ðx the boundary points. We adopted the arbitrary relation N \ 2M ] 13 for the grid calculations.
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